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Abstract
The maximal acceleration corrections to the Lamb shift of one–
electron atoms are calculated starting from the Dirac equation and
splitting the spinor into large and small components. The results
depend on Z8 and a cut-off Λ. Sizeable values are obtained even at
Z = 1 for Λ ∼ a0/2, where a0 is the Bohr radius. These values are
compatible with theoretical and experimental results.
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1 Introduction
The notion of a limiting value to the proper acceleration of a particle, ad-
vanced on classical and quantum grounds by several authors [1], [2], [3], has
different aspects and formulations. The importance of its existence, if proven,
cannot be underestimated. It would by itself rid quantum field theory of
unpleasant divergencies, and make several important theoretical procedures
finite.
The idea finds a particularly interesting formulation in the original at-
tempts by Caianiello [1] to incorporate quantum position-momentum uncer-
tainty relations into the geometry of space-time, and to interpret quantization
geometrically as a consequence of curvature in phase space.
In this model a particle of massm accelerating along its worldline behaves
dynamically as if subject to an effective gravitational field
g˜µν = gµν
(
1− |x¨|
2
A2
)
, (1.1)
where |x¨|2 = |gµν x¨µx¨ν | is the square length of the relativistic acceleration
four–vector, A = mc3/h¯ is the maximal proper acceleration of the particle
and gµν represents a background gravitational field.
Eq. (1.1), the arrival point of an embedding procedure of an eight–di-
mensional space–time tangent bundle TM in four–dimensional space–time [4],
has several important implications for relativistic kinematics [5], the energy
spectrum of a uniformly accelerated particle [6], the periodic structure as a
function of the momentum p of the neutrino oscillations [6], the Schwarzschild
horizon [7], the expansion of the very early universe [8] and on the value of
Higgs–boson mass [9]. It would make the metric observer-dependent, as
conjectured by Gibbons and Hawking [10], and lead in a natural way to
hadron confinement [11].
The difficulties of a direct test of Eq. (1.1) obviously reside in the extreme
large value that the normalizing constant A takes for all known particles
(A ≃ 0.45 1030m m s−2 MeV−1). Nevertheless a realistic test that makes use
of photons in cavities has been recently suggested [12]. Hopefully attempts
in this direction will lead to some concrete results. In the meantime indirect
evidence may be gathered by a variety of different means.
The purpose of this work is to calculate the corrections to the Lamb shift
of hydrogen or hydrogen-like atoms due to the maximal acceleration. Be-
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cause of their relatively simple configuration and of the consequent precision
with which they can be described and observed, these atoms lend themselves
admirably to the precise test of physical laws. It is therefore natural to think
in this context of the contribution of maximal acceleration, embodied by Eq.
(1.1).
The plan of the paper is as follows. Section 2 contains the derivation of
the Dirac Hamiltonian using the tetrad formalism and the metric (1.1) in a
flat background. In Section 3 the Schro¨dinger equation is obtained from the
Dirac equation by splitting the spinor ψ into large and small components,
which is frequently used in calculations of the Lamb shift. In Section 4 the
actual corrections to the levels 2s and 2p are calculated. Section 5 contains
the Lamb shift, shift of the states 1s and the Lamb shift corrections in which
the maximal acceleration is a universal constant. Section 6 contains summary
and discussion.
2 The Dirac Hamiltonian
If the background metric is flat, Eq. (1.1) becomes simply conformally flat
g˜µν = ηµν
(
1− |x¨|
2
A2
)
= σ2(x)ηµν , (2.1)
where |x¨(s)|2 = |x¨µx¨µ| is the acceleration field of the particle and σ(x) is
the conformal factor. The dependence of σ on the variable x implies that
the effective geometry defined by (2.1) is no longer flat. This has important
consequences. In fact one must now take into account effects due to the
curvature of space-time and its coupling to the particle itself.
The electron in the hydrogen atom for the Lamb shift problem is described
by the Dirac equation in flat space-time. With the introduction of the metric
tensor (2.1), the Dirac equation must be generalized to curved space-time.
This generalization is not trivial, but can be accomplished by means of vier-
beins that connect a generic non-inertial frame to a locally Minkowski frame
[13]. Eq. (2.1) above provides immediately the vierbeins
e aµ (x) = σ(x)δ
a
µ , (2.2)
where Latin indices refer to the local inertial frame and the Greek indices
to the generic non-inertial frame. The covariant Dirac equation is written in
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the form
(ih¯γµ(x)Dµ −m)ψ(x) = 0 , (2.3)
where the matrices γµ(x) satisfy the anticommutation relations {γµ(x), γν(x)}
= 2g˜µν(x). The covariant derivative Dµ ≡ ∂µ+ωµ contains the total connec-
tion ωµ given by
ωµ =
1
2
σabωµab , (2.4)
where
σab =
1
4
[γa, γb] , (2.5)
ω aµ b = (Γ
λ
µν e
a
λ − ∂µe aν )eν b , (2.6)
and
Γλµν =
1
2
gλα(gαµ,ν + gαν,µ − gµν,α) (2.7)
are the usual Christoffel symbols. The usual flat space-time Dirac matrices
are represented by γa. For conformally flat metrics ωµ takes the form
ωµ =
1
σ
σabηaµσ,b . (2.8)
By using the transformations
γµ(x) = eµaγ
a , (2.9)
ωµ = e
a
µ ωa , (2.10)
and the property eµae
b
µ = δ
b
a , Eq. (2.3) can be written in the form[
ih¯γa∂a + i
3h¯
2σ
γa(∂a ln σ)−m
]
ψ(x) = 0 . (2.11)
Since in the problem at hand the electron also interacts with the electromag-
netic field Aa ≡ (A0, ~A), Eq. (2.11) must be re-written as[
ih¯γa
(
∂a + i
e
h¯c
Aa
)
+ i
3h¯
2σ
γa(ln σ),a −m
]
ψ(x) = 0 . (2.12)
By writing Eq. (2.12) in the form of a Schro¨dinger equation one arrives at
the Hamiltonian
H ≡ c~α · ~p+ eA0 + e~α · ~A+mc2β − i3h¯c
2
γ0γa(−σ−1),a , (2.13)
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where the last term contains all maximal acceleration effects and can be
written as
H ′ ≡ −i3h¯c
2
γ0γa(−σ−1),a = −i3h¯c
2
(
ǫ0 ~σ · ~ǫ
~σ · ~ǫ ǫ0
)
, (2.14)
where ǫ0 ≡ (−σ−1),0 and ~ǫ ≡ ~∇(−σ−1).
The Hamiltonian that can be derived from (2.3) is in general Hermitian
neither with respect to the conserved scalar product of the spinors in curved
space-time, nor with respect to the flat scalar product [14]. Hermiticity can
however be recovered for stationary states of the atom when the gravitational
field changes slowly with time in a locally inertial rest frame of the atom.
H given by (2.13) is also not Hermitian with respect to the flat scalar
product. When one splits the Dirac spinor into large and small components,
the only non-Hermitian term is however the one proportional to ǫ0. If σ
varies slowly in time, or is time-independent, this term may be neglected.
3 The Maximal Acceleration Corrections
The Hamiltonian (2.14) will now be treated perturbatively . The common
textbook procedure [15] consists in splitting ψ(x) in large and small compo-
nents indicated by ϕ and χ, respectively. One obtains for the perturbation
due to H ′
δE =< nljm|H ′|nljm >= −i3h¯c
2
∫
d3~rψ†nljm
(
ǫ0 ~σ · ~ǫ
~σ · ~ǫ ǫ0
)
ψnljm =
= −i3h¯c
2
∫
d3~r[ǫ0(ϕ
†ϕ+ χ†χ) + ϕ†(~σ · ~ǫ)χ + χ†(~σ · ~ǫ)ϕ] . (3.1)
On introducing the large and small components, related to each other by
χ = −ih¯
c
~σ · ~∇
2m
ϕ , (3.2)
and integrating by parts, Eq. (3.1) becomes
δE = δE0 − 3h¯
2
4m
∫
d3~r ϕ†[(~σ · ~ǫ)(~σ · ~∇) + (~σ · ~∇)(~σ · ~ǫ)]ϕ , (3.3)
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where
δE0 = −i3h¯c
2
∫
d3~rϕ†ǫ0
[
1− h¯
2
4m2c2
(~σ · ~∇)2
]
ϕ . (3.4)
Rearranging the term in square bracket in (3.3) one obtains
δE = δE0 − 3h¯
2
4m
∫
d3~rϕ†[~∇ · ~ǫ+ 2~ǫ · ~∇]ϕ , (3.5)
where for ~ǫ ≡ ~∇(−σ−1) one must now substitute
~ǫ =
1
σ2
~∇
√
1− |x¨|
2
A2
= − 1
2σ3A2
~∇|x¨|2 . (3.6)
It is now convenient to examine the term |x¨|2 in detail. For particles of charge
q that move in electromagnetic fields one has
|x¨|2 =
(
γq
m
)2
[−( ~E · ~β)2 + | ~E|2+
+ 2 ~E · (β × ~B) + |~β|2| ~B|2 − (~β · ~B)2] , (3.7)
where γ = 1/
√
1− |~β|2 and ~β = ~v/c.
In the case of non-relativistic electrons in an electrostatic field, which is
of interest here, Eq. (3.7) reduces to
|x¨|2 =
(
e
m
)2
| ~E(~r)|2 , (3.8)
while Eq. (3.6) becomes
~ǫ = − 1
2σ3
(
e
mA
)2
~∇| ~E(~r)|2 . (3.9)
On neglecting terms of order A−4 in the expansion σ ∼ 1−|x¨|2/2A2+. . ., and
restricting ~E(~r) to central electric fields E(r) = Ze/r2, Eq. (3.9) becomes
~ǫ = 2
(
Ze2
mA
)2
~r
r6
. (3.10)
5
Moreover, δE0 = 0 because for electrostatic fields ǫ0 = 0. Substituting
the result (3.10) in (3.5) one obtains the maximal acceleration corrections
for an electron in an electrostatic field
δE = δE1 + δE2 , (3.11)
where
δE1 = 6K
∫
d3~r ϕ†
1
r6
ϕ , (3.12)
δE2 = −4K
∫
d3~r ϕ†
1
r5
∂
∂r
ϕ , (3.13)
and
K ≡ 3h¯
2
4m
(
Ze2
mA
)2
. (3.14)
4 The Correction to the Energy Levels 2s and
2p
Before calculating the average values of Eqs. (3.12)-(3.13), a few preliminary
considerations are in order. By virtue of (3.8), the conformal factor σ(x)
may be written as
σ(x) =
√
1− |x¨|
2
A2
=
√
1−
(
r0
r
)4
, (4.1)
where
r0 =
√
Ze2
mA
∼
√
Z 3.3 · 10−14m. (4.2)
Eq. (4.1) is real for r > r0. However, it was assumed in the expansion of
the square root (4.1) leading to Eq. (3.10) that |x¨|2/A2 << 1. This requires
that in the following only those values of r be chosen that are above a cut-off
Λ, such that for r > Λ > r0 the validity of the expansion is preserved. The
actual value of Λ will be selected later.
In order to calculate the corrections to the energy levels 2s and 2p, the
explicit expression of the corresponding wave functions are useful. These are
ϕ100(r, θ, φ) = R10(r)Y
0
0 (θ, φ) =
2
a
3
2
0
e
− r
a0 Y 00 , (4.3)
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ϕ200(r, θ, φ) = R20(r)Y
0
0 (θ, φ) =
2
(2a0)
3
2
(
1− r
2a0
)
e
− r
2a0 Y 00 , (4.4)

 ϕ211ϕ210
ϕ21−1

 = R21(r)

 Y
1
1 (θ, φ)
Y 01 (θ, φ)
Y −11 (θ, φ)

 = 1√
3(2a0)
3
2
r
a0
e
− r
2a0

 Y
1
1
Y 01
Y −11

 , (4.5)
where Y ml (θ, φ) are the usual spherical harmonics and a0 is the Bohr radius.
The up and down spin wave functions
χ 1
2
=
(
1
0
)
and χ− 1
2
=
(
0
1
)
appear in the average values only in the combinations χ†1/2χ1/2 = 1 and
χ†−1/2χ−1/2 = 1 and have been omitted from (4.3) – (4.5).
From (4.4) and (3.12), (3.13) one finds for n = 2, l = 0
δE2,01 =
K
4a60
{[
4
(
a0
Λ
)3
− 8
(
a0
Λ
)2
+ 11
(
a0
Λ
)]
e−Λ/a0 + 11Ei
(
− Λ
a0
)}
,
(4.6)
δE2,02 =
K
4a60
{[
4
(
a0
Λ
)2
− 10
(
a0
Λ
)]
e−Λ/a0 − 11Ei
(
− Λ
a0
)}
, (4.7)
where K/a60 ∼ Z8 1.03 kHz and
Ei(−µ) = −
∫ ∞
1
dx
e−µx
x
, µ > 0 . (4.8)
The correction to the level 2s is obtained by summing (4.6) and (4.7)
δE2,0 = K
a60
[(
a0
Λ
)3
−
(
a0
Λ
)2
+
1
4
(
a0
Λ
)]
e−Λ/a0 . (4.9)
Likewise, the explicit expression for the correction to the 2p level is:
δE2,1 = δE2,11 + δE2,12 =
= 6K
∫ ∞
Λ
dr
1
r4
[R21(r)]
2 − 4K
∫ ∞
Λ
drR21(r)
1
r3
∂
∂r
R21(r) =
=
K
a60
1
12
(
a0
Λ
)
e−Λ/a0 . (4.10)
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5 Lamb Shift, Shift of the States 2p and 1s
It now is possible to calculate the contribution to the Lamb shift δEL =
δE2,0 − δE2,1. The correction is given in our case by
δEL = δE2,0 − δE2,1 = K
a60
[(
a0
Λ
)3
−
(
a0
Λ
)2
+
1
6
(
a0
Λ
)]
e−Λ/a0 . (5.1)
The cut-off Λ must now be chosen in a way that is compatible with the value
normally adopted in QED. This is a characteristic length of the system, the
Bohr radius for the hydrogen atom, that cures the divergences introduced by
the radiative corrections. One may tentatively choose Λ ∼ a0 in the present
calculation. Then Eq. (5.1) yields
δEL ∼ +Z80.0631 kHz . (5.2)
For the sake of completeness we also give the maximal acceleration corrections
to the 1s ground state Lamb shift δE1,0 = δE (1,0)1 +δE (1,0)2 . The non-vanishing
contributions are
δE1,01 =
8K
a60
{[(
a0
Λ
)3
−
(
a0
Λ
)2
+ 2
(
a0
Λ
)]
e−2Λ/a0 − 4E1
(
2Λ
a0
)}
, (5.3)
δE1,02 =
8K
a60
{[(
a0
Λ
)2
− 2
(
a0
Λ
)]
e−2Λ/a0 + 4E1
(
2Λ
a0
)}
. (5.4)
By subtracting from δE1,0 with Λ ∼ a0 the value δE2,0 given by (4.9), one
obtains the desired shift
δE1,0 − δE2,0 ≃ 0.98 K
a60
= Z8 1.01 kHz . (5.5)
It has been assumed so far that the maximal acceleration is mass-dependent.
It is also possible to take the view [3] that the maximal acceleration be a
universal constant AP = mP c
3/h¯, where mP =
√
h¯c/G is Planck’s mass. In
this case r0 =
√
Ze2/mAP ∼
√
Z 2.13 · 10−25m, and AP ∼ 5.5 · 1051 m/s2
and K/a60 ∼ Z8 1.28 · 10−45kHz.
Obviously, the Bohr radius can no longer be chosen as cut-off in this case
because the magnitudes of the lengths of physical interest are comparable
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with Planck’s length lP =
√
h¯G/c3 ∼ 10−35m. A better cut-off may be
derived from the requirement that in the expansion of σ terms (r0/r)
4 be at
least ∼ 10−2. This leads to Λ ∼ 1001/4r0 ∼ 6.76 · 10−25m. The corresponding
correction follows from (5.1)
δEL ∼ Z8 0.61 · 10−3kHz . (5.6)
6 Summary and Discussion
The present calculation is based on the Dirac Hamiltonian (2.13) with the
maximal acceleration corrections confined to the term (2.14). This has been
treated as a perturbation. Legitimate fears about the Hermiticity of H have
proved unwarranted because of the static nature of the problem which re-
quires ǫ0 = (−σ−1),0 = 0.
The standard non-relativistic procedure to split the Dirac wave function
into large and small components has also been followed. This is usually jus-
tifiable because the Lamb shift is a non-relativistic effect at low frequencies.
The results are represented by (5.2), (5.5) and (5.6). The latter result per-
tains to the interpretation, expoused by some authors [3], that the maximal
acceleration is a universal constant.
A common feature of all results is the dependence on the eighth power
of Z. This would be experimentally significant if the present uncertainty of
about 4kHz [16] in the measurement of δEL for Z = 1 could be extrapolated
to atoms of moderately high Z, or ionized atoms. Reported theoretical un-
certainties from uncalculated terms for Z = 1 amount to 11.0kHz, which is
well above (5.2) and could drastically increase for high Z. The result is nev-
ertheless interesting. Its closeness to (5.6) also indicates that a Lamb shift
measurement would hardly be the way to distinguish between the maximal
acceleration models of Refs. [1] and [3]. The value (5.2) also is smaller than
the ground state phase shift, as expected on intuitive grounds. Howeover
the reported [17] measurement precision of the 1s Lamb shift in hydrogen is
higher than the 2s− 2p Lamb shift and at 0.6kHz is only a factor 10 higher
than (5.2). While, on the other hand, the corresponding theoretical error
is 0.4kHz, agreement between the experimental value 8172.874(60)MHz and
the theoretical one 8172.802(40)MHz still leaves much to be desired. It is a
small consolation that the correction (5.2) is in the right direction. This also
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applies to the Lamb shift for the He+ ion [18]. In this case (5.2) predicts a
positive shift of 15.9kHz versus the present QED deficit of ∼ 1MHz. Agree-
ment between theory and experiment at higher values of Z is much worse
and so are the corresponding uncertainties. The small contribution (5.5) to
the fine structure should not be surprising, given the non-relativistic nature
of our approximations.
The values (5.2), (5.5) and (5.6) refer to Λ ∼ a0 and are rather conserva-
tive. While Lamb shifts and fine structure effects are cut-off independent, the
values of the corresponding maximal acceleration corrections increase when
Λ decreases. This can be understood intuitively because the electron finds
itself in regions of higher electric field at smaller values of r.
A lower cut-off, still compatible with the critical value r0 given by (4.2),
is represented by the Compton wavelength of the electron. This cut-off,
however, yields corrections which are decidedly too high. Both Lamb shifts
become very significant already at values of Λ ∼ a0/2. In fact for Z = 1 one
finds δEL ≃ 2.70kHz at Λ = a0/2 and δEL ≃ 6.98kHz at Λ = a0/2.5. These
corrections, added to the theoretical value 1057849kHz, yield respectively
1057851.7kHz and 1057855.9kHz, in very good agreement with the experi-
mental value 1057851kHz. Similary for Z = 1 the values of δE1,0 − δE2,0
become 20.72kHz for Λ = a0/2 and 50.95kHz for Λ = a0/2.5. When added
to the theoretical value 8172802kHz, they give respectively 8172822.72kHz
and 8172852.95kHz, also in good agreement with the experimental value
8172874(60)kHz. The situation is summarized in Table 1.
It is quite remarkable that both δEL and δE1,0−δE2,0 have the appropriate
signs and increase with decreasing values of Λ as intuitively expected. In view
of the results presented and the approximations used, the cut-off Λ ∼ a0/2
is a better choice.
Table 1
All values reported are in kHz
Λ a0 a0/2 a0/2.5 Theor. value Exp. value
δEL 0.0631 2.81 6.90 1057849(11) 1057851(4)
δE1,0 − δE2,0 1.01 20.72 50.95 8172802(40) 8172874(60)
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